A general symplectic method for the random response analysis of infinitely periodic structures subjected to stationary/non-stationary random excitations is developed using symplectic mathematics in conjunction with variable separation and the pseudo-excitation method (PEM). Starting from the equation of motion for a single loaded substructure, symplectic analysis is firstly used to eliminate the dependent degrees of the freedom through condensation. A Fourier expansion of the condensed equation of motion is then applied to separate the variables of time and wave number, thus enabling the necessary recurrence scheme to be developed. The random response is finally determined by implementing PEM. The proposed method is justified by comparison with results available in the literature and is then applied to a more complicated time-dependent coupled system.
analyzing the semi-infinite periodic system excited only at its end, which is then connected to 
SYMPLECTIC ANALYSIS FOR AN INFINITELY PERIODIC STRUCTURE SUBJECTED

47
TO ARBITRARY LOADS
48
In this section, the symplectic mathematical scheme is generalized to investigate the response 49 of an infinitely periodic structure subjected to arbitrary loads. The infinitely periodic structure 50 shown in Figure 1 consists of two kinds of substructures, denoted as sub and sub*, which are 51 identical except that sub* is subjected to an arbitrary load f (t). The equation of motion for this substructure is
in which: M, C and K are the n × n mass, damping and stiffness matrices that can be created
54
by any means;
where: superscript T denotes transpose; u a and u b are the displacement vectors at the left- For an undamped and unloaded substructure, it has been proven in References [21, 22, 24,
in which S is a frequency-dependent symplectic transfer matrix that has eigenvalues µ and 61 satisfies the symplectic orthogonality relationships
where: I n is the n-dimensional unit matrix and; the µ are known as the wave propagation 63 constants, where |µ| = 1 refers to transmission waves that propagate without decay, i.e. they 64 lie within the frequency pass-band. µ can be expressed as
in which θ is the wave number and lies in the interval [0, 2π).
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in which
Note that the natural frequencies of the infinitely periodic structure can be obtained by solving
75
the following generalized eigenproblem [16] 
in which: Ω is the diagonal matrix of natural frequencies and Ψ is the corresponding modal 
84
Assume that the response of each substructure can be determined by performing the fol-85 lowing integration.
where k = 0, k > 0, k < 0 correspond, respectively, to the loaded substructure and the substruc-87 tures to its right and left. However,ū * (θ, t) cannot be solved from Eq. (8) directly and so the 88 following approach is used instead.
89
Let the matricesM * ,C * ,K * and T be expressed as
where: harmonics by using Fourier expansion to give
in whichū en (n = 0, ±1, ±2⋯) denotes the Fourier expansion coefficients. Eq. (11) can then 96 be rewritten as
Substituting Eqs. (12) and (14) into Eq. (8) and separating the variables of time and wave
98
number by using the orthogonality of the exponents gives
andĈ andK can be substituted forM throughout Eq. (17).
can be rewritten in block form as
where: 20) is solved using a step-by-step integration scheme.
111
Thus if the response at time t is known, the response at time t + ∆t can be expressed as
where T s (∆t) is an exponential matrix whose precise computation is described in Reference
113
[23] and the physical meaning of the n−th column of matrix R is the response v s (t + ∆t) when 114 assuming that v s (t) = 0 and that the n − th value of v mk (t) is 1 while all others are zero.
115
Consequently, the responses can be computed by the following recurrence scheme: (1) dependent, e.g. due to a moving mass coupling with the infinitely periodic structure.
122
RESPONSES OF INFINITELY PERIODIC STRUCTURES SUBJECTED TO RAN-
123
DOM EXCITATIONS
124
PEM is an accurate and highly efficient algorithm for structural stationary or non-stationary 125 random response analysis. In this section, it is combined with the above method to find the 126 random responses. Consider the most complicated case of a time-dependent system excited 127 by an evolutionary random point excitation. Then the equation of motion of the system is
in which: M , C and K are functions of time; r(t) identifies which element is being excited;
The corresponding response vector can be expressed by the convolution integral
in which H (t, τ ) is the frequency response matrix. Multiplying u(t) by its transpose and 132 applying the mathematical expectation operator, the variance matrix of the response vector is
133
given by
According to the Wiener -Khintchine theorem
Substituting Eq. (25) 
where
It can be seen that Eq. (27) is a double integral expression which is very time consuming 139 to compute directly. Therefore, PEM is used instead. Assume that the structure is subjected 140 to a pseudo-excitation
Eq. (26) can then be rewritten as
where the superscript * denotes complex conjugate. It is clear thatũ(ω, t) is the response of 143 the structure when it is subjected to the pseudo-excitation and also that the first of Eqs. (29) 144 has a much simpler form than Eq. (27). Thus the use of PEM to transform random excitations 145 into harmonic pseudo-excitations leads to a very significant reduction in computational effort.
146
Substituting the pseudo excitation of Eq. (28) into Eq. (18) enables the pseudo responses 147 of the infinitely periodic structure to be obtained using the above recurrence scheme. Denoting 148 the pseudo response of the response u (t) asũ (ω, t) and utilizing PEM, the PSD of u (t) can 149 be written as
It is clear that if M , C and Kare time-independent, the system degenerate into a time-151 independent one, and if g (t) = 1, the random excitation degenerates into a stationary one.
152 Figure 2 The infinitely periodic structure of Example 1 which is subjected to the point evolutionary random excitation f (t). It consists of cantilever columns with stiffness 2K for lateral displacements at their upper ends and which carry masses m which are connected by two springs of stiffness Kwith a mass m where they are connected together.
Consider the infinitely periodic structure defined in Figure 2 and its caption, subjected to 158 an evolutionary random excitation given by
in which the modulation function g (t) has the form shown in Figure 3 , i.e. x (t) is considered as a band-limited white noise, its units being
The calculations used K = 1; m = 1; ω 0 = 3 and the hysteretic damping factor ν = 0.1. 
Example 2: Application to a time-dependent coupled system
168
In this example, the proposed method is applied to find the time-dependent random responses 169 when a mass of 1000kg crosses an infinite periodically supported rail/sleeper/ballast system 170 at a velocity of 100km/h, see Figure 5 . The track irregularity is regarded as white noise with
171
PSD S rr (ω) = 1.0 (m 2 /rad/s) and the parameters of the system are listed in Table 1 .
172 Table 1 Parameters, defined in Figure 5 , of the periodically supported rail of Example 2.
Bending stiffness EI 6.62 × 10 6 Nm 
CONCLUSIONS
180
Based on symplectic mathematics, a condensed equation of motion has been established for 181 the loaded substructure of an infinitely periodic structure, the coefficient matrices of which 
